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Abstract 

Much uncertainty surrounds the detailed mechanisms whereby the human 
immunodeficiency virus (HIV) causes the acquired immunodeficiency syn
drome (AIDS) after a long and variable asymptomatic period. The virus 
impairs immune responses by infecting and/or killing one of the most im
portant cell populations of the immune system, the CD4 cells. HIV mutates 
so rapidly that many different variants arise (and coexist) during an indi
vidual infection. This article reviews mathematical models that outline the 
potential importance of this variability as a major factor for the develop
ment of AIDS. The essential idea is that the virus evades immune pressure 
by the continuous production of new mutants resistant to current immuno
logical attack (= antigenic variation). This results in the accumulation of 
antigenic diversity during the asymptomatic period of the infection. The 
existence of an antigenic diversity threshold is derived from the interaction 
between the virus population and the immune cells: CD4 cells mount im
mune responses, some of which are directed against specific HIV variants, 
but each virus strain can induce killing of all CD4 cells regardless of their 
specificity. Therefore increasing HIV diversity enables the virus population 
to escape from control by the immune system. In this context the observed 
variability is responsible for the fact that the virus establishes a persistant 
infection without being cleared by the immune response and induces AIDS 
after a long and variable incubation period. HIV infections are evolution
ary processes on the time scale of a few years. The mathematical models 
are based on ordinary differential equations. Virus mutation is described 
by a stochastic process. 

1. Introduction 

The human immunodeficiency virus (HIV) is the aetiological agent of the 
acquired immunodeficiency syndrome (AIDS). Despite intensive research 
during the past 9 years since the discovery of the virus, the epidemic con
tinues to spread in the human population. Analysis of epidemiological data 
reveals a depressing picture for the worst afflicted regions such as sub
Saharan Africa, with increasing amounts of infection in the heterosexual 
population. In these regions it is likely that AIDS may result in popula-
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tion decline within a few decades if present trends continue (Anderson et 
a11991, Anderson & May 1991). 

The course of HIV infections can be separated into three stages: 

1. Acute clinical illness during primary HIV infection occurs in 50-70% 
of infected patients, starts generally 2-4 weeks after infection and lasts 
from 1-2 weeks (Tindall & Cooper 1991). The clinical manifestations 
are varied and include fever, neuropathic and dermatological symp
toms. Virus can be isolated from infected blood cells, cell free plasma, 
cerebrospinal fluid and bone marrow cells. The high replication and 
widespread distribution of the virus is followed by strong immunolog
ical responses, which result in a decrease of viral antigens to almost 
undetectable levels and a resolution of clinical symptoms. 

2. The second, chronic, phase (8-10 years on average) is characterized 
by low levels of HIV expression and only small pathological changes. 
Patients are generally asymptomatic. CD4 cell concentrations are con
stant or slowly decreasing. 

3. The final phase is characterized by the development of AIDS. CD4 
cell levels are low. Virus levels - both in terms of infected cells and 
free virus in the plasma - are about 100 times larger than in the 
asymptomatic stage (Ho et al 1989, Coombs et al 1989). The clini
cal symptoms are varied and characterised by opportunistic infections. 
(For a mathematical model of the interaction between HIV and other 
pathogens see McLean & Nowak 1992). The life expectation of AIDS 
patients in the absence of chemotherapeutic interaction is about one 
year. 

What controls the three phases is a central but unanswered question. 
There is extensive variability in the rate of progression to disease; it is 
not understood why some people develop AIDS within 2 years after HIV 
infection, while others are still asymptomatic after 15 years. 

HIV displays extensive genetic and antigenic variation during the 
course of an infection (Balfe et al 1990, Fisher et at 1988, Meyerhans et al 
1989, Phillips et a11991, Saag et a11988, Simmonds et a11990). This large 
variability of HIV has formed the basis of recent mathematical theories that 
aim to understand the mechanism of disease progression in patients infected 
with HIV (Nowak, May & Anderson 1990, Nowak & May 1991, Nowak et 
a11991, Nowak 1992). The essential assumptions are (1) that HIV mutates 
rapidly during the course of an individual infection and can generate new 
antigenic variants that essentially escape current immunological attack, 
(2) that each such 'escape mutant' evokes, and is controlled (mainly) by, a 
strain-specific immune response, and (3) that populations of immune cells 
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(CD4 cells) that mount strain-specific and cross-reactive immune responses 
against HIV are killed - directly or indirectly - by all strains of HIV, and 
consequently are depleted in HIV infected patients. The consequence of 
this nonlinear interaction is an antigenic diversity threshold, below which 
the immune system can control (but not completely eradicate) the virus 
population, but above which the virus population eventually escapes from 
control by the immune responses, replicates to high levels and destroys 
the CD4 cell population. This leads finally to the development of AIDS. 
The new idea arising from this work is that an evolutionary mechanism -
on a very fast time scale (years) - is responsible for viral pathogenesis. 
The evolutionary dynamics of the HIV population (based on mutation and 
natural selection) leads to the development of AIDS. 

2. The basic antigenic drift equations; 
derivation of the diversity threshold 

We use the following set of ordinary differential equations to describe the 
replication dynamics of n different strains of HIV together with their spe
cific immune responses 

i = 1, ... ,n (1) 

i = 1, ... ,n. (2) 

The variables Vi and Xi denote, respectively, the densities of virus strain 
i and of specific immune cells directed at strain i. In this simple model 
we assume that the virus replication rate is constant for all strains and 
given by the parameter r. The specific immune response against strain i 
is represented by the term, PViXi. The production of immune cells, Xi, is 
assumed to be proportional to the density of strain i, i.e., given by kVi. 

Immune cell function is impaired by viral action. This is represented by 
the term UVXi. In this simple homogeneous model the parameters, r,p, k 

and U are the same for all viral strains. We use the notation v = L Vi and 

X = LXi. 

For the total densities of virus and immune cells we obtain (by summing 
equations 1 and 2 over all strains i) 

dv " dt = v(r - p ~ xivdv) (3) 

dx 
dt = kv - uxv. (4) 
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The diversity threshold can be derived as follows: Strain i can be con
trolled by the immune system if r < PXi. All strains (i = 1, ... , n) can 
be controlled simultaneously if nr < px. From equation (4) we see that x 

converges to k I u. Hence if 

pk 
n>-, 

ru 
(5) 

then the virus population will eventually escape from control by the im
mune system and replicate to high levels. This is the diversity threshold. 

3. Viral diversity is a Lyapunov function for a simplified model 

A simpler version of this model is obtained, if we assume that the dynamics 
of the immune response is fast compared to the dynamics of the virus 
population, i.e., if the rate constants k and u are large compared to rand 
p. Then we can replace the individual Xi by their steady state levels and 
we obtain from equation (1) 

i = 1, ... ,n (6) 

where Pi = vilv denote the frequencies of the individual virus strains. 
The Simpson index, D = L: p~, is a well known (inverse) measure for 

(ecological) diversity. For a completely homogeneous population the Simp
son index obtains its maximal value, D = 1. For a uniform distribution of 
n different strains we have D = lin. 

We now use a Lyapunov function to show that all solutions of eqn (6) 
converge to Pi = lin for all i = 1, ... , n. Such a Lyapunov function must 
have the properties that its time derivative has always the same sign and 
is zero only if Pi = lin for i = 1, ... , n. 

The Simpson index, D, is such a Lyapunov function. To prove this 
assertion, first note that 

dD = 2 t Vi (dVi _ Vi dv) 
dt i=l v 2 dt V dt 

(7) 

which leads to 

(8) 

We have used the notation S k = L: pf. We will show that ~~ :::; 0, and 
~~ = 0 if and only if Pi = lin for all i = 1, ... , n. The proof is an 
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immediate consequence of the Jensen inequality 

(9) 

with equality only if all Pi coincide. Here f is a strictly convex function 
defined on some interval I, the O!i are arbitrary positive numbers such that 

I>l!i = 1, and Pi E I. If we choose f(x) = x 2 and O!i = Pi we directly 
obtain 

(10) 

with equality only if all the Pi are the same. 

4. A general diversity threshold relation including variation 

in replication rate, cythopaticity and antigenicity 
of different strains of HIV 

In this section we assume that the replication rate, r, the virulence, U, 

and the two immunological parameters, P and k, are different for differ
ent strains of virus. Thus each virus strain is characterized by its own 4 
parameters, ri,pi, ki and Ui. This reflects the large biological variability 
among HIV isolates from the same infected patients. The basic equations 
now have the form 

dVi dt = vi(ri - PiXi) i = 1, .. , n (11) 

dXi n 
dt = kiVi - Xi L UjVj i = 1, ... ,n . 

j=l 

(12) 

Let us define the population averages if = 'E.riPi, j5 = 'E.PiPi, k = 'E.kiPi 
and u = 'E. UiPi where the relative frequency of strain i is given by Pi = 
vi/v and v = 'E. Vi denotes the total virus density. If we make again 
the assumption that the immune responses are fast compared to the virus 
poupulation dynamics, we can set ¥t = 0 and obtain (from equation 12) 

(13) 

If we substitute this into equation (11) we obtain 

dVi = v-(r _ PikiPi) 
dt t t U i = 1, ... ,n. (14) 
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Summing equation (14) over all strains i = 1, ... ,n leads to 

(15) 

where Pk = :L PikiP; is the effective immune response against the virus 
population and represents an inverse measure for antigenic diversity of the 
virus population (a weighted Simpson index). Virus growth is positive if 

-rii > pk. (16) 

This means that the average replicative capacity, r, times the average vir
ulence, ii, has to exceed the effective immune response, Pk. 

Our goal is to derive the diversity threshold condition for equation 
(11,12). We will show that 

(17) 

is necessary and sufficient for eventual virus escape. 
For the viral frequencies, Pi, we use equations (14) and (15) to derive 

the differential equation 

(18) 

By rescaling v~ = UiVi, and introducing the parameter combination Si = 
Piki/ui, we can reduce the number of parameters appearing explicitly in 
equations (14, 15 and 18): 

i = 1, ... ,n (19) 

(20) 

i = 1, ... ,n. (21) 

Here we use the rescaled variables p~ = vU v', v' = :L v~ and ¢ = :L p~ (r i -

siPD. Without loss of generality we can label the strains such that rl > 
r2 > ... > rn > O. Equation (21) has a globally stable fixed point (see 
below), E*, with the following coordinates 

i = 1, ... ,m (22) 
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P~+l = ... = p~ = o. 

Remembering that 'L pi = 1, we obtain for ¢~ the expression 

m m 

¢~ = (~)rdsi) -1)/L1/si (23) 
i=l i=l 

Here m is the largest integer such that rm > ¢m' (It is easy to show that 
all other fixed points of equation (21) are indeed unstable.) 

We see at once that for 'L~=l(rdsi) < 1 the fixed point, E*, is in the 
interior of the simplex (because then ¢~ is negative and hence no ri can be 
smaller than ¢~). If E* lies in the interior of some face of the simplex (Le., 
m is strictly smaller than n) then ¢m has to be positive (because then we 
have ¢m > rm+l > 0). Note that ¢m > 0 is equivalent to 'L:'l(rdsi) > 1. 

Therefore we have shown that as soon as the individual frequencies, 
Pi, have converged to their equilibrium values, the total virus population 
grows according to 

(24) 

Here we have used equations (28,32), the relation v' = vii and the fact that 
the ii is constant at equilibrium. 

(1) If 

then the total virus population cannot escape from the immune re
sponse. The individual frequencies converge to the interior fixed point. 
No frequency can converge to zero. 

(2) If 

then the virus population will eventually escape from the immune re
sponse. Some frequencies, Pi, may converge to zero. The fixed point, 
E*, can lie at the boundary of the simplex. But in any case we have 
that ¢m > 0 and hence v > O. Note that m is exactly the integer that 
maximizes ¢i (i = 1, ... , n), so that the finally escaping population 
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~ the ensemble of virus strains 1 to m ~ is the fastest growing of all 
possible ensembles. 

An equation of the form of equation (21) has previously been studied 
by Epstein (1979). For all equations of the type 

(25) 

where Ii are strictly decreasing functions and I = I:~1 Yifi, Hofbauer et 
al (1981) have shown that there exists a unique point E* = (pi, ... , p~) 
in the simplex Sn which is the w-limit of every orbit in the interior of Sn. 
If E* lies in the interior of some face of the simplex, then it is also the 
w-limit of every orbit in the interior of this face. The global stability of E* 
is shown with the Lyapunov function 

n 

P(t) = IT p~:. 
i=l 

In fact equation (21) is a Shahshahani gradient, and for monotonically 
decreasing functions, Ii, the potential is strictly concave on the simplex, 
Sn. Hence there exists a unique, globally attracting fixed point (Hofbauer 
& Sigmund 1988). 

Finally it is worth mentioning that equation (21) is equivalent to a 
game dynamical equation (Taylor & Jonker 1979, Hofbauer & Sigmund 
1988) on the simplex, Sn: 

dp~ I [(A r!I ~ A ;:;'I dt = Pi PJi - P.I1.Pl 

with P = (pi, ... ,p~) and 

i = 1, ... ,n (26) 

JJ 
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5. Cross reactive immune responses 

Further realism can be added by including cross reactive immune responses 
that are directed against several strains simultaneously. We subdivide the 
immune response to HIV into strain specific and cross reactive responses. 
This leads to the equations 

dXi - = kv· -uvx· dt t t 

dz , - = k v - uvz. 
dt 

i = 1, ... ,n (27) 

i = 1, ... ,n (28) 

(29) 

To keep the mathematics simple we model the whole range of more or 
less cross reactive immune responses by taking into account only the two 
extreme cases. The terms 8Z and PXi represent cross-reactive and specific 
immune responses, respectively. z is the number of immune cells activated 
against conserved regions, Xi is the number of immune cells specifically 
against a particular strain and X = L Xi denotes the total density of these 
'specific' immune cells. The killing of immune cells by viral mechanisms 
is denoted by the terms UVXi and uvz; The densities of specific and cross
reactive immune cells converge towards the levels, x = k/u and 2 = k' /u. 

There are three different parameter regions according to the magnitude 
of specific and cross-reactive immune responses: 

1. The cross-reactive immune response is by itself able to suppress viral 
growth (i.e., T < 82). There will be a rise in viral abundance following 
the initial infection, but once the cross-reactive immune response has 
been mounted the initial strain and all subsequently-evolved ones will 
be suppressed by this generalised response. In this case antigenic vari
ation cannot prevent the virus population from being cleared by the 
immune response. 

2. The replicative capacity of a single strain can outrun both the specific 
and cross-reactive immune responses (i.e., T > 82 + x). The immune 
system is not able to cope with any single strain. The initial viraemia is 
not suppressed by the immune response, there is no incubation period, 
no delay until the onset of disease. Antigenic variation is not neccessary 
for the virus to escape from immune control. This seems to be the case 
for some acutely lethal variants of the simian immunodeficiency virus, 
the closest relative of HIV. 

3. Between these two extremes lies the interesting region of dynamical 
behaviour, with its viral diversity threshold. This situation corresponds 
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to individual viral strains having replication rates that can outrun the 
cross-reactive immune response, but not the combined effect of cross
reactive and specific immune responses (i.e., pi; > T - SZ > 0). Only 
the continuous generation of new resistant strains enables the virus 
population to survive immunological attack. In this parameter region 
we observe the diversity threshold. The critical number of strains that 
can be supressed by the immune system is obtained as 

pk 
nc = . 

TU - Sk' 
(30) 

The cross-reactive immune response in our model is responsible for 
the fact that the initial strains grow to higher levels than the succeeding 
escape mutants. Therefore we obtain a peak of initial viraemia followed 
by a period with low virus abundance. Roughly speaking, the higher the 
effect of the cross-reactive response the higher the difference between the 
initial peak and the average virus density in the silent phase. A stronger 
cross-reactive immune response is correlated with lower viral abundance in 
the incubation period and with an increased length of this period. 

6. Population dynamics of CD4 cells; 

virus strains with different replication rates 

The final model has four variables: Vi, y, Xi and Z denoting, respectively, 
the densities of virus strain i, total CD4 cells, CD4 cells specific to strain 
i and CD4 cells that mount cross reactive responses to all strains. 

dVi ( I ) dt = Vi Ti + TiY - BiZ - PiXi 

dy 
dt = K - dy - uvy 

dXi 
- = kv·y - uVX· 
dt • • 
dz I - = k vy-uvz. 
dt 

i = 1, ... ,n 

i = 1, ... ,n (31) 

(32) 

(33) 

(34) 

Virus replication consists of a term proportional to the density of CD4 cells, 
TiY, and a constant background replication rate, T~, to denote replication of 
HIV in cells other than of the CD4 type (i.e., macrophages). Different virus 
variants have different replication rates and immunological parameters, Ti, 

T~, Si, and Pi. CD4 cells are recruited (from the thymus) at a constant 
rate, K; removed at a constant rate, dy; and killed by the virus, uvy. 
The production of immune cells specific to HIV antigens is proportional to 
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the total number of CD4 cells, according to the assumption that a certain 
(constant) fraction of all CD4 cells can serve as specific precursors for CD4 
cells activated against HIV. 
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Figure 1 illustrates the dynamical behaviour of the equations (31-34). 
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Figure 1. The dynamical properties of the model described by the equations 

(31-34) that include CD4 cell dynamics, strain specific and cross reactive immune 

responses and virus strains with different replication capacities. A: The total virus 

density shows an initial peak of viraemia followed by a long period with low virus 

abundance and a final increase. The y-axis shows virus population size. B: The 

CD4 cell population size slightly decreases during the asymptomatic phase and 

rapidly decreasing as the virus population replicates to high levels. The final 

CD4 cell depletion is a consequence of the high virus abundance. The y-axis 

represents CD4 cell counts. C: The population diversity, defined by the inverse 

of the Simpson index, displays a one humped pattern with a maximum just before 

the virus escapes control by the immune system. The antigenic diversity increases 

as long as the immune response selects for escape mutants. The diversity may 

decrease in AIDS patients. D: The average replication rate of the virus population 

increases with progression towards disease. In the absence of a proper immune 

response to HIV in the final phase of infection the fastest replicating strains are 

selected. Parameter values: K = 100, d = 1, k = k' = 0.1, u = 1, r~ = 3ri, 

Si = 9.5ri' Pi = 20ri; ri was taken from an exponential distribution with 

parameter 0.05. 
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The total virus density shows the typical picture with initial viraemia, 
a long period with low virus abundance and a final increase. The CD4 
cell levels fluctuate and slightly decrease during the asymptomatic phase. 
There is an oscillatory increase in population diversity, a peak when the 
virus population breaches the diversity threshold and a decline in the final 
phase when the impaired immune system cannot provide selection pressure 
strong enough to further increase antigenic diversity. The average replica
tion rate of the virus population slightly increases during the intermediate 
phase; oscillations correspond to the evolution of fast replicating strains 
that are subsequently supressed by the immune system. In the final phase 
fast replicating strains dominate the population. According to this model 
the evolution of faster replicating strains during infection is a consequence 
of the impairment of immune function. 

Figure 2 shows the individual virus mutants for the same simulation. 
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Figure 2. Coevolution and coexistence of different virus strains during the time 

of infection. (10 randomly chosen individual virus strains are shown.) Initially the 

strains grow to high levels which may cause the clinical symptoms observed during 

primary HIV infection. The subsequently emerging escape mutants are suppresed 

faster, because of the action of cross reactive immune responses. Different virus 

strains grow to different levels according to their growth rates. The accumulation 

of viral diversity breaches the threshold after about 7 years in this simulation. In 

the final phase the fastest growing strains dominate the virus population. The 

y-axis indicates the relative concentration of different virus mutants. This figure 

corresponds exactly to the simulation shown in Figure 1. 
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Initially we observe high levels of virus, but the immune response slowly 
increases and finally manages to suppress the most abundant strain. But 
meanwhile, new mutants have been created. The mini- outbreaks of higher 
virus levels correspond to the occurrence of newly- arisen neutralization
resistant mutants. After this long period where the virus is downregulated 
by the immune responses we observe a final increase in viral abundance. 
During the course of infection the number of mutant strains continually 
increases and finally exceeds the threshold value nc which finally results in 
the continous rise of in viral abundance. 

7. Discussion 

The interaction between HIV and the cells of the immune system is of 
extraordinary complexity. Thus our simple mathematical models can only 
be poor reflections of reality. They are not designed to capture many 
detailed aspects, but only a few which seem to be essential. The basic 
assumptions are that the immune system mounts strain-specific responses 
against HIV and that the virus impairs immune responses in a general, 
non-specific way. This is the intuitive explanation for the occurrence of 
the diversity threshold phenomenon (which is not an a priori assumption 
of the theory). If all strains have the same biological parameters, then 
simply the total number of strains determines whether or not the virus 
population will eventually escape (equation 5). For the more realistic model 
with different parameters for different strains, we have a more complex 
condition (equation 17) which determines eventual virus escape. Here fast 
replicating strains, highly cytopathic strains, or strains that are not very 
well recognised by the immune system have a disproportionately larger 
effect. (Nelson & Perelson 1992 have discussed a mechanism by which 
slowly replicating strains of HIV can more efficiently escape from immune 
responses. ) 

The theory presented here describes virus mutation and variability as 
essential for survival of the virus population in the presence of immune re
sponses, and for the subsequent development of immunodeficiency disease. 
Each HIV infection represents a (unique) evolution of a series of different 
HIV variants. This evolutionary process leads eventually to the develop
ment of AIDS after a long and variable incubation period, during which 
the balance between viral cytopathicity and the immune response is slowly 
shifted by increasing viral diversity. During the asymptomatic period the 
immune system itself drives diversification of the virus population by con
tinuous selection for new escape mutants. The accumulation of diversity is 
the cause of immunodeficiency disease. As the virus population breaches 
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the diversity threshold the immune system becomes unable to control the 
virus. The consequence is extensive HIV replication, increasing virus load 
and rapidly decreasing CD4 numbers as AIDS is developed. Finally when 
severe immunodeficiency is established there is no longer a strong immune 
response to HIV that would drive diversification. The fastest replicating 
strains will outgrow other variants. Antigenic diversity may decrease in 
AIDS patients. 

First experimental support for the suggested pattern of population 
diversity comes from a study of two male homosexual patients who were 
followed since their infection in 1985 (Nowak et aI1991). Genetic variation 
of a certain part (the so-called V3 loop) of the HIV envelope protein was 
measured at sequential time points in both patients. The V3 loop is a region 
of about 30 amino acids and seems to be a major site of antibody and killer 
cell attack. The V3 loop is also involved in the process of infecting cells. 
Thus mutation in V3 may result both in antigenic variation (escape from 
immune responses) and changes in reproduction rates. In both patients the 
genetic diversity is extremely low at the beginning of the infection. In one 
patient all V3 loops were identical (sample size: 11), in the other patient 
there were 6 identical V3 loops out of 7 samples. Subsequently the genetic 
diversity increased during the asymptomatic phase in both patients. One 
patient developed AIDS after 55 months. This was followed by a decline 
in viral diversity. 

The presented coevolutionary process of the HIV population and the 
human immune system during the course of an individual infection is unique 
with respect to the time scale. The emergence of new escape mutants can 
occur within weeks and the immune system may require a similar time 
to respond. We are confronted with the complex interaction between two 
highly variable biological structures: (1) the HIV population under the 
pressure of the immune response and (2) the immune system exposed to 
mutating HIV antigens. 

The agreement between a number of model predictions and experimen
tal observations is encouraging at the moment. These are (1) an early peak 
in virus levels (primary HIV-1 infection) following infection; (2) a long and 
variable incubation period with low viral abundance for much of the period; 
(3) an increase of viral levels in the final phase of infection as the failing 
immune system fails to control viral population growth (the appearance 
of the disease AIDS); (4) coevolution and coexistence of many viral mu
tants in one infected person; (5) increasing population diversity during the 
asymptomatic phase and (6) a positive correlation between the presence of 
high replicative viral strains and the rate of progression to disease (AIDS). 

The theoretical analysis suggests that antigenic variation of HIV not 
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only enables the virus population to remain persistent in the presence of a 
strong immune response but can also be responsible for disease progression. 
HIV infections are evolutionary processes on the time scale of a few years. 
The evolution of the HIV population within an infected patient may lead to 
the final outbreak of disease. While experimental evidence is accumulating 
that genetic (and antigenic) diversity increases during HIV infections, the 
relative importance of this effect compared to other effects that may drive 
disease progression has to be established. 

Acknowledgements. I would like to thank Robert May, Roy Anderson and 
Karl Sigmund for helpful discussion. The author is a Wellcome Trust Senior 
Research Fellow. 

References 

[1] RM. Anderson, RM. May, M.C. Boily, G.P. Garnett, and J.T. Rowley, 
The spread of HIV-1 in Africa, Nature 352 (1991), 581-589. 

[2] RM. Anderson and RM. May, Infectious Diseases of Humans, Oxford 
University Press, 1991. 

[3] P. Balfe, P. Simmonds, C.A. Ludlam, J.O. Bishop, and A.J. Leigh 
Brown, Concurrent evolution of HIV-1 in patients infected from the 
same source, J. Viral. 64 (1990), 622l. 

[4] RW. Coombs, A.C. Collier, and J.P. Allain, Plasma viremia in HIV 
infection, N. Eng. J. Med. 321 (1989), 1626-163l. 

[5] I.R Epstein, Competitive coexistence of self reproducing macro
molecules, J. Theor. Biol. 78 (1979), 271-298. 

[6] A.G. Fisher, B. Ensoli, D. Looney, A. Rose, RC. Gallo, M.S. Saag, 
G.M. Shaw, B.H. Hahn, and F. Wong-Staal, Biologically diverse molec
ular variants within a single HIV-1 isolate, Nature 334 (1988), 444-447. 

[7] D.D. Ho, T. Mougdil, and M. Alam, Quantitation of HIV-1 in the 
blood of infected persons, N. Eng. J. Med. 321 (1989), 1621-1625. 

[8a] J. Hofbauer, P. Schuster, and K. Sigmund, Competition and coopera
tion in catalytic self replication, J. Math. Biol. 11 (1981), 155-168. 

[8b] J. Hofbauer and K. Sigmund, The Theory of Evolution and Dynamical 
Systems, Cambridge University Press, 1988. 

[9] A.R McLean and M.A. Nowak, The interaction between HIV and other 
pathogens, J. Theor. Biol. 155 (1992), 69-86. 

[10] A. Meyerhans, R Cheynier, J. Albert, M. Seth, S. Kwok, J. Sninsky, 
L. Morfeldt-Manson, B. Asjo, and S. Wain-Hobson, Temporal fluctu
ations in HIV population in vivo are not reflected by sequential HIV 
isolations, Cell 58 (1989),901-910. 



326 Martin A. Nowak 

[11] G.W. Nelson and A.S. Perelson, A mechanism of immune escape by 
slow replicating HIV strains, J. AIDS 5 (1992), 82-93. 

[12] M.A. Nowak, RM. May, and RM. Anderson, The evolutionary 
dynamics of HIV-l population and the development of immunodefi
ciency disease, AIDS 4 (1990), 1095. 

[13] M.A. Nowak and RM. May, Mathematical biology of HIV infections, 
antigenic variation and diversity threshold, Math. Biosci. 106 (1991), 
1-2l. 

[14] M.A. Nowak, RM. Anderson, A.R McLean, T. Wolfs, J. Goudsmit, 
and RM. May, Antigenic diversity thresholds and the development of 
AIDS, Science 254 (1991), 963-969. 

[15] M.A. Nowak, Variability of HIV infections, J. Theor. Biol. 155 (1992), 
1-20. 

[16] RE. Phillips, S. Rowland-Jones, D.F. Nixon, F.M. Gotch, J.P. 
Edwards, A. O. Ogunlesi, J.G. Elvin, J.A. Rothbard, C.RM. Bang
ham, C.R Rizza, and A.J. McMichael, HIV genetic variation that can 
escape Cytotoxic T cell recognition, Nature 354 (1991), 453-459. 

[17] M.S. Saag, B.H. Hahn, J. Gibbons, Y. Li, E.S. Parks, W.P. Parks, and 
G.M. Shaw, Extensive Variation of HIV-l in vivo, Nature 334 (1988), 
440-444. 

[18] P. Simmonds, P. Balfe, J.F. Peutherer, C.A. Ludlam, J.O. Bishop, 
and A.J. Leigh-Brown, Analysis of sequence diversity in hypervariable 
regions of the external glycoprotein of HIV-l, J. Viral. 64 (1990), 5840. 

[19] P. Taylor and L. Jonker, Evolutionarily stable strategies and game 
dynamics, Math. Biosci. 40 (1978), 145-56. 

[20] B. Tindall and D.A. Cooper, Primary HIV infection, AIDS 5 (1991), 
1-14. 

Department of Zoology 
University of Oxford 
South Parks Road 
OX1 3PS, Oxford, United Kingdom 

Received September 23, 1992 
Revised February 22, 1993 


