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Abstract

We consider a population that is subdivided into groups. Individuals reproduce proportional to their fitness. When a group

reaches a certain size it has a probability to split into two groups while another group is eliminated. In this stochastic process, the

number of groups is constant, while the total population size fluctuates between well-defined bounds. We calculate the fixation

probability of newly introduced mutants under constant selection. We show that the described population structure acts as a

suppressor of selection compared to an unstructured population of the same size. The maximum suppression of selection is

obtained, when the number of groups equals the number of individuals per group. We also study opposing selection on two or more

levels by analysing the evolutionary dynamics of hierarchically embedded Moran processes.

r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

There is much interest in studying selection on
multiple levels (Michod, 1999; Michod and Roze,
2001; Gould and Lloyd, 1999; Keller, 1999; Swenson
et al., 2000; Kerr and Godfrey-Smith, 2002; Boyd and
Richerson, 2002). Multi-level selection arises whenever
reproducing units form aggregates that also reproduce.
For example, genes assemble in cells, cells form multi-
cellular organisms, animals form social groups. Multi-
level selection is related to kin selection (Hamilton,
1964), spatial selection (Nowak and May, 1992, 1993;
Lindgren and Nordahl, 1994; Killingback and Doebeli,
e front matter r 2005 Elsevier Ltd. All rights reserved.
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1996; Nakamaru et al., 1997, 1998; Mitteldorf and
Wilson, 2000; Irwin and Taylor, 2001; Hauert and
Doebeli, 2004) and to the long standing debate of group
selection (Wynne-Edwards, 1962; Maynard Smith, 1964;
Williams, 1966; Wilson, 1975; Maynard Smith, 1976;
Slatkin and Wade, 1978; Wilson, 1979; Goodnight,
1997; Sober and Wilson, 1998).
Wynne-Edwards first argued that animals might limit

their breeding in order to prevent the population from
over-exploiting its resources (Wynne-Edwards, 1962).
This could lead to a higher survival probability of
populations that produce less offspring. Williams
criticized this overuse of group selection, emphasizing
that in general individual selection is stronger than
group selection (Williams, 1966). This criticism led to a
denial of group selection for the following years.
During this debate, a wealth of models of group

selection has been developed. In early models, new
groups have been formed as a random sample from a

www.elsevier.com/locate/yjtbi


ARTICLE IN PRESS
A. Traulsen et al. / Journal of Theoretical Biology 235 (2005) 393–401394
migrant pool in which individuals from all groups are
mixed in each generation (Maynard Smith, 1964; Levins,
1970; Levin and Kilmer, 1974). In this framework,
group selection is usually less effective than individual
selection. However, empirical work has shown that
artificial group selection can be highly effective when
new groups are derived from a single parent group
(Wade, 1977, 1980; Craig and Muir, 1996; Muir, 1996;
Goodnight, 1997).
Wade (1977) carried out experiments with the red

flour beetle, where population sizes are mainly governed
by cannibalism rates. In his experiments, he considered
the development of several subpopulations, each start-
ing with the same number of adults. After a certain
period, he selected the largest populations to contribute
to the next generation. In contrast to earlier models, he
did not derive the new subpopulations from a migrant
pool, but from a single group. Wade’s experiments
showed that group selection can be much more effective
than previously thought. A comparison between differ-
ent group formation mechanisms provided a theoretical
explanation for the effectiveness of group selection in
these experiments (Slatkin and Wade, 1978). More
recently, additional experiments confirmed the effective-
ness of artificial group selection (Craig and Muir, 1996;
Muir, 1996; Swenson et al., 2000).
Group selection can also be relevant for parasite

evolution. In general, the optimum level of virulence
maximizes the parasite’s basic reproductive ratio, R0
(Anderson and May, 1979, 1981, 1982). Evolutionary
dynamics within an infected host, however, can favor
mutants that do not maximize R0 (Nowak et al., 1991;
Bonhoeffer and Nowak, 1994; Levin and Bull, 1994;
Nowak and May, 1994; May and Nowak, 1994, 1995;
Frank, 1998; Maynard Smith, 1998b). Hence, there is a
conflict of selection on two levels. The parasite popula-
tion in any one host can be seen as a group. Group
selection can favor the cooperation of parasites in a host
and thereby lead to virulence levels which are optimal
for the parasite.
Wilson (1975) presented an elegant calculation

demonstrating how altruistic behavior can evolve in
subdivided populations. In Wilson’s model, however,
altruistic traits can only evolve if cooperators are more
likely to form groups with other cooperators than with
defectors. Therefore, in Wilson’s original model the key
mechanism that leads to cooperation is assortative
interaction of cooperators rather than group selection
per se (Charlesworth, 1979; Bergstrom, 2002; Sober and
Wilson, 1998; Wilson and Dugatkin, 1997). Such
assortative interaction can also be linked to kin selection
(Hamilton, 1963, 1964; Wilson, 1979; Maynard Smith,
1976, 1998a).
Michod (1983), Szathmáry and Demeter (1987) and

Maynard Smith and Szathmáry (1995) use group
selection arguments in the context of the origin of life.
Here we study a model that is motivated by the idea
of (proto-)cell division. A population of finite size is
subdivided into groups (cells). Individuals are chosen for
reproduction at random from the whole population but
proportional to their fitness. If a group (cell) reaches a
certain maximum size it is split into two groups. If this
happens another group is eliminated. Thus the total
number of groups remains constant. Our formulation is
an extension of the classical Moran process (Moran,
1962; Ewens, 2004) toward studying selection on two
levels. We analyse a hierarchy of two (or more) Moran
processes at the individual and group level. In our
model, new groups are generated by splitting existing
groups. In this way, we follow the approach of Slatkin
and Wade (1978) and Leigh (1983) where new groups
are derived from a single parent group. Our model is
also inspired by the celebrated ‘‘stochastic corrector’’
(Szathmáry, 1986; Szathmáry and Demeter, 1987; Grey
et al., 1995) but very different in detail. We aim to
formulate the simplest possible approach for studying
stochastic evolutionary dynamics on multiple levels. We
obtain analytic results in some limits.
The paper is organized as follows: First, we recall the

Moran process for population dynamics within finite
populations. Then we introduce a structured population
which works as a suppressor of selection. We give
heuristic arguments for the average group size of this
model and derive a rough approximation for the fixation
probability in the limit of large population size. Another
analytical approximation is presented which is based on
a hierarchy of two Moran processes. We discuss
mechanisms in which selection on the two levels of
evolutionary dynamics work in the same direction and
mechanisms in which they oppose each other. We extend
the model to selection on more than two levels.
2. The Moran process

Let us briefly review selection dynamics in a finite
population as described by the Moran process (Moran,
1962). There are two types of individuals, A and B, with
relative fitnesses r and 1, respectively. At each time step,
an individual is randomly selected for reproduction with
a probability that is proportional to its fitness. The
offspring replaces a randomly chosen individual. The
total population size, n, remains constant. The resulting
birth–death process on the states i ¼ 0; . . . ; n is de-
scribed by the tri-diagonal transition matrix

Pi;iþ1 ¼
ri

ri þ n � i

n � i

n
, (1)

Pi;i�1 ¼
n � i

ri þ n � i

i

n
, (2)

Pi;i ¼ 1� Pi;iþ1 � Pi;i�1 (3)
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All other entries are 0. There are two absorbing states, 0
and n. The probability to end in state n starting from
state 1 denotes the probability that a single individual of
type A will invade and take over the whole group. This
fixation probability is given by (Moran, 1962; Karlin
and Taylor,1975)

rA ¼
1� 1=r

1� 1=rn
. (4)

For neutral mutants with r ¼ 1 we have r ¼ 1=n: The
probability that an advantageous mutant with r41
fixates in a finite population converges to 1� 1=r for
large group sizes. Disadvantageous mutants can also
reach fixation in finite populations, but this probability
converges to zero as n increases.
3. A simple stochastic process of selection on two levels

Let us now consider a finite population that is sub-
divided into m groups. Each group has a maximum size
of n. As before, A individuals have relative fitness r,
while B individuals have fitness 1.
In each time step, a randomly chosen individual from

the whole population is selected for reproduction,
proportional to fitness. The offspring is added to that
individual’s group. If the new group size (which was
augmented by one) is still less than or equal to n, then
nothing else happens and the step ends. If, however, the
new group size exceeds n, then the group is divided into
two groups. The members of the parent group are
randomly distributed over the two daughter groups. A
randomly chosen group is eliminated. Levins (1970)
called such a process ‘‘colonization selection’’ , because
selection occurs when new groups are formed.
In this stochastic process, the total number of groups

is constant and given by m. The total population size can
fluctuate between a minimum value, m, and a maximum
value, mn: there are m groups, each group contains at
least 1 and at most n individuals.
Note that n ¼ 1 implies that the total population size

is strictly constant. In this case, our process is equivalent
to a Moran process with population size m.
When a group is split, each individual has a

probability of 1
2
to end up in the first of the two

offspring groups. This ‘‘binomial sampling without
replacement’’ has a probability of 1=2n�1 to lead to the
situation where one of the groups remains empty. In
order to avoid splitting a group into itself and an empty
group, we repeat the group division process until each of
the two groups is non-empty.

3.1. Average population size

What is the average population size of this process?
For the case of neutral mutants, r ¼ 1; we can derive a
rough approximation in the limit of large populations.
For mbnb1; we can assume that a large number of
groups of each accessible size exists. In a single step of
the process, the number of groups of a certain size can
only change by �1 or �2: If no group splits, one group
changes its size. Hence, the number of groups of two
sizes is changed. If a group splits, the number of groups
of size n is decreased by 1. In addition, a second group is
eliminated and two daughter groups of different size are
created. In general, this changes the number of groups at
four different group sizes by �1: However, if both
daughter groups have the same size, the number of
groups of size n=2 can increase by two. Hence, in the
limit mbnb1 where a large number of groups of every
size exists, we can assume that the fraction of groups of
size x, rðxÞ; changes approximately continuously. The
fraction of groups of size x decays by group elimination
at rate arðxÞ; where the elimination rate is determined
self-consistently (see below). The rate at which a group
of size x increases its size by 1 is given by bx=N; where
N is the total population size which is assumed to be
roughly constant. The rate of change of frequency of
groups of size x is given by �brðxÞx=N þ brðx � 1Þ ðx �

1Þ=N; the first term coming from the process x ! x þ 1;
and the second from x � 1! x: This yields for the rate
of change of rðxÞ

q
qt

rðxÞ ¼ �arðxÞ � b
x

N
rðxÞ þ b

x � 1

N
rðx � 1Þ. (5)

If the maximum group size is large, nb1; we can
simplify this equation further,

q
qt

rðxÞ ¼ �arðxÞ �
q
qx

b
x

N
rðxÞ. (6)

An additional assumption on the boundaries has to be
made. A group that is divided at size n generates two
daughter groups. These groups have a binomial size
distribution around n=2: Since we are interested in the
average group size divided by the carrying capacity, x̄=n;
we can neglect the fluctuation of the order �

ffiffiffi
n

p
around

the mean value for large n. Hence, we can assume as a
rough approximation that each group splits into exactly
two groups of size n=2:
For the stationary solution ð@=@tÞrðxÞ ¼ 0; we have

rðxÞ / x�2: As the group sizes are always between n=2
and n for large n, a has to be chosen in such a way thatR n

n=2 dxrðxÞ ¼ 1: For self-consistency, we need a ¼ b=N:
We find for the average group size

x̄ ¼

R n

n=2 xrðxÞdx
R n

n=2 rðxÞdx
¼ n ln 2 
 0:693n. (7)

Numerical simulations of large populations support this
finding. For n ¼ m ¼ 100 we find x̄=n ¼ 0:691� 0:017:
For n ¼ m ¼ 1000 we have x̄=n ¼ 0:693� 0:009:
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3.2. Fixation probability

Fig. 1 shows the fixation probability of a single A

mutant as function of the relative fitness r. We can
compare the fixation probability of the group process
with the corresponding fixation probability of the
Moran process describing an unstructured population
of the same average size, which was found numerically
as 67:15� 0:02 for n ¼ m ¼ 10: We observe that the
group process acts as a suppressor of selection (Nowak
et al., 2003; Lieberman et al., 2005). The fixation
probability of the Moran process, Eq. (4), defines a
certain balance between selection and drift. In our group
division process, advantageous mutants have a lower
probability of fixation than in a simple Moran process,
whereas disadvantageous mutants have a higher prob-
ability of fixation. Thus, the group division process
reduces the intensity of selection and augments random
drift.
For large m and n, we can argue that fixation

probability becomes very small in contrast to the usual
Moran process, details can be found in the Appendix. In
a Moran process, the fixation probability of an
advantageous mutant, r41; converges to r ¼ 1� 1=r

for large population size, n ! 1 (see Eq. (4). Con-
versely, the fixation probability of a disadvantageous
mutant, ro1; converges to zero in a Moran process of
large population size, n ! 1: For our group division
0.001

0.01

0.1

0.5 1 1.5 2 2.5

Fi
xa

tio
n 

pr
ob

ab
ili

ty

Mutant fitness r

Fig. 1. Dependence of the fixation probability of a single mutant on its

fitness in the group selection model. The triangles show the fixation

probability of the introduced process. As the population size varies, we

compute the average population size N̄ numerically in our model in

order to compare the fixation probability with the Moran process.

Inserting N̄ into Eq. (4), we find the fixation probability of the

corresponding Moran process given by the full line. As the

corresponding Moran process has a higher fixation probability for

advantageous mutants, r41 and a lower fixation probability for
disadvantageous mutants ro1; we can conclude that the population
structure is acting as an suppressor of selection (N̄ ¼ 67:15� 0:02;
m ¼ 10; n ¼ 10; averages are over 105 realizations).
process, we have shown in the appendix that the fixation
probability of any mutant converges to zero for large m

and n.
4. An extended process

So far we have only used three parameters, the
number of groups, m, the maximum group size, n, and
the relative fitness r. We now introduce a fourth
parameter: upon exceeding the maximum group size,
n, a group is divided with probability p. With
probability 1� p; the group is not divided, but a
randomly chosen individual of this group is eliminated.
The process described in the previous section is the
special case of p ¼ 1: a group is always divided when
exceeding the maximum size.
In the limit of very small p, most groups will be at the

maximum size, n, and consist either of all A or all B

individuals. The stochastic population dynamic is given
by a recursion of two Moran processes. Within each
group there is a Moran process with population size n.
Among groups there is a Moran process with popula-
tion size m.
4.1. Fixation probability in the extended process

What is the fixation probability of a single A mutant
in the limit of very small p ? First the mutant has to
reach fixation in its group. This happens with prob-
ability rðr; nÞ given by Eq. (4). Subsequently the group
has to out-compete all other groups. This happens with
probability rðr;mÞ: Thus the overall fixation probability
is given by

fðr; n;mÞ ¼ rðr; nÞrðr;mÞ ¼
1� 1=r

1� 1=rn

1� 1=r

1� 1=rm
. (8)

This fixation probability has to be compared with the
probability rðr; nmÞ that a single A mutant reaches
fixation in a large, unstructured population of size mn.
For r41 we have fðr; n;mÞprðr;mnÞ: For ro1 we have
fðr; n;mÞXrðr;mnÞ: Thus, disadvantageous mutants are
more likely to be fixed in the group division process than
in a corresponding Moran process describing an
unstructured population of the same size. Advantageous
mutations are less likely to be fixed. Hence, we have
proven that the group division process, in the limit of
small p acts as a suppressor of selection.
In Fig. 2, we show that Eq. (8) is a perfect

approximation for the fixation probability that is
observed in numerical simulations using a splitting
probability of p ¼ 0:001:
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Fig. 2. Dependence of the fixation probability of a single mutant on its

fitness in the extended process, where groups are split with a very small

probability p51: The circles show the fixation probability in the

extended process for p ¼ 0:001: The line shows the corresponding
analytical approximation given by Eq. (8), which agrees perfectly with

the simulations. For comparison, the triangles show the process with

splitting probability p ¼ 1 (m ¼ 10; n ¼ 10; averages are over 105

realizations).

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0 20 40 60 80 100 120

Fi
xa

tio
n 

pr
ob

ab
ili

ty

Groupsize n

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0 20 40 60 80 100 120

Fi
xa

tio
n 

pr
ob

ab
ili

ty

Groupsize n

(a)

(b)

Fig. 3. Fixation probability for different population structures. A

population with carrying capacity N ¼ 120 is divided into m ¼ N=n

groups of size n. The fixation probability is minimal for m ¼ n for

small group splitting probabilities, p51: Panel (a) Simulation results
for p ¼ 0:001 (circles) agree well with the theory for constant group
sizes Eq. (8) (full line). Panel (b) For p ¼ 1 (triangles) the situation is

qualitatively different as the population size varies. A minimum of the

fixation probability is observed for larger group sizes than in the case

p51: The corresponding fixation probability for a mixed group is
approximately 1� 1=r ¼ 0:5: Any group structure leads to a suppres-
sion of selection (r ¼ 2; averages are over 104 realizations).
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4.2. The maximum suppression of selection is obtained

for n ¼ m

Which population structure leads to the most effective
suppression of selection? In order to answer this
question, let us analyse a population with fixed
maximum size, N ¼ mn; in the limit of small p. For
r41 we are looking for the value n which minimizes the
function fðr; n;N=nÞ: For ro1 we are looking for the
value n which maximizes the function fðr; n;N=nÞ: In
both cases, we find that the extremum is given by n ¼ffiffiffiffiffi

N
p

and therefore by n ¼ m: Thus the maximum
suppression of selection is achieved when the group size
equals the number of groups.
In Fig. 3, we show the perfect agreement between

numerical simulations using p ¼ 0:001 and our theore-
tical prediction that the fixation probability of advanta-
geous mutants has a minimum at n ¼ m: For p ¼ 1 the
minimum can be found at slightly larger values of the
group size n.
Taking the limit of small p allows us to separate two

different time-scales: (i) there is a fast time-scale for
individual selection and (ii) a slow time-scale for group
selection. Alternative mechanisms for introducing dif-
ferent time-scales in such contexts can be found in
Slatkin (1981, 1977); Wakeley and Takahashi (2004). A
slower time-scale for group selection arises, when the life
time of groups is longer than the life time of individuals
(Keller, 1999).
In the model so far, groups divide faster if they

contain individuals that reproduce faster. Thus the
‘‘fitness’’ of the group is determined by the fitness of its
individuals. This is a case of ‘‘soft group selection’’,
where individual and group selection work in the same
direction (Mayr, 1997).
5. Opposing selection on two levels

Let us now study a case where group and individual
selection work in opposite directions. This is the case
when the benefit of the individual and the group
contradict each other. For example, birds giving
warning calls to their group increase the fitness of their
group, but reduce their own survival probability. Each
individual is tempted not to give warning calls, but this
reduces the survival probability of the group. Another
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Fig. 4. Comparison of the fixation probability of the two types with a

neutral mutant for a fixed population structure. For ro1 and Ro1;
the B individuals are always advantageous, as they are advantageous

on both levels. Similarly, for r41 and R41; A individuals are always

advantageous. For opposing selection on two levels, i.e. r41; Ro1
and vice versa, the overall advantage of the individuals is determined

by the population structure. Both types can be disadvantageous, for

n ! 1 and m ! 1 this is always the case if selection works in

opposite directions on the two levels. Here, increasing r maintains the

advantage of B much longer than increasing R, as fixation of groups

has a higher impact on the total fixation probability than fixation

within groups due to m4n (m ¼ 50; n ¼ 10).
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example is the evolution of parasites. If a parasite
maximizes its own reproductive ratio, it can reduce the
fitness of the host too fast and thereby decrease the
probability to spread to other hosts. Cooperation
between parasites within a host can lead to virulence
levels that are optimal for the parasite.
As before, the population is subdivided into m groups

of size n. Within each group, selection dynamics are
characterized by a Moran process. Occasionally, a
group divides into two groups. In this case, a randomly
chosen group is eliminated. Again, we assume that
individual selection dynamics are much faster than
group selection dynamics. Thus, in all likelihood any
mixed group has reached fixation for one of the two
types, before the group is divided. As before, the
individual fitnesses of types A and B within each group
are given by r and 1, respectively. But let us now assume
that all-A groups divide at rate R whereas all-B groups
divide at rate 1. Once again we have a recursive
arrangement of two Moran processes.
The fixation probability of a single A mutant is

fðr;R; n;mÞ ¼
1� 1=r

1� 1=rn

1� 1=R

1� 1=Rm . (9)

For example, if r41 and Ro1; then individual selection
favors A, while group selection favors B. If f41=ðnmÞ

then A is an advantageous mutant, once selection on
both levels is combined. The following observations are
of interest.
1.
 Limit of group selection: For given n and m there
exists a critical value rc: If rprc then no value of R

exists such that A is an advantageous mutant. The
critical value rc is implicitly given by rðrc; nÞ ¼
1=ðnmÞ:
2.
 Limit of individual selection: for given n and m there
exists a critical value Rc: If RpRc then no value of r

exists such that A is an advantageous mutant. The
critical value Rc is implicitly given by rðRc;mÞ ¼

1=ðnmÞ:

For example, if n ¼ 10 and m ¼ 100 then rc 
 0:5014
and Rc 
 0:9643: For example, for r ¼ 0:5 no R can
make the mutant advantageous overall. In the case of
r ¼ 0:6; the mutant becomes advantageous when R is
larger than 1.3273. The critical values for n ¼ m ¼ 10
are rc ¼ Rc 
 0:6785:
Fig. 4 illustrates three different parameter regions for

fixed n and m. If fðr;R; n;mÞ41=ðnmÞ then A is favored
by combined selection on the two levels. If
fð1=r; 1=R; n;mÞ41=ðnmÞ then B is favored by com-
bined selection on the two levels. These two regions are
mutually exclusive. There is, however, a third region
where combined selection on the two levels opposes
both the fixation of a single A mutant in a B population
and the fixation of a single Bmutant in an A population.
This third region is defined by fðr;R; n;mÞo1=ðnmÞ and
fð1=r; 1=R; n;mÞo1=ðnmÞ: There is no parameter region
that would simultaneously favor the fixation in both
directions.
6. Multi-level selection

The results of the previous section can be generalized
to simultaneous selection on more than two levels.
Consider a recursive hierarchy of k Moran processes
with respective population sizes n1; n2; . . . ; nk: Hence,
there are groups of groups of groups and so on. Denote
by ri the relative fitness of A on level i. Assume that the
time-scales can be neatly separated as before. The
fixation probability of a single A mutant in a population
of B individuals is

fðr1; . . . ; rk; n1; . . . ; nkÞ ¼
Yk

i¼1

1� 1=ri

1� 1=rni

i

(10)

The corresponding results of the previous section can be
derived here. For a given configuration of the popula-
tion, ðn1; . . . ; nkÞ; there exists a critical selection coeffi-
cient, r�i ; on level i such that no choice of selection
coefficients on other levels can make A advantageous
over all.
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We can also generalize the result on the maximum
suppression of selection. Consider a population of fixed
size N with fixed selection coefficients, ri ¼ r41 for
every i, which is to be distributed into a hierarchy of
Moran processes on k levels. The fixation probability
fðr1; :::; rk; n1; :::; nkÞ has a minimum for ni ¼ n ¼ N1=k

for every i, i.e. the population size has to be equal on
each level to realize the maximum suppression of
selection. This can be shown straightforward by analys-
ing the extremum of fðr1; . . . ; rk; n1; . . . ; nkÞ with the side
condition

Qk
i¼1 ni ¼ N :
7. Discussion

We have introduced a model for stochastic, multi-
level selection based on a hierarchy of Moran processes.
In this model, a population of size N is sub-divided into
m groups. There are two different types, A and B, with
fitness values r and 1. Individuals reproduce propor-
tional to their fitness. The off-spring is added to the
same group. Whenever a group reaches a certain size, n,
it splits into two groups with probability p. If this
happens then another group is eliminated. The total
number, m, of groups is constant. The total population
size can fluctuate, but is bounded between the minimum
value m and the maximum value mn.
The fixation probability of the Moran process, given

by Eq. (4), denotes a certain balance between drift and
selection. If a population structure with the same total
population size increases the fixation probability of
disadvantageous mutants and reduces the fixation
probability of advantageous mutants, then it is a
suppressor of selection. Our model acts as suppressor
of selection. In the limit of small p, the suppression of
selection is most effective, when the number of groups
equals the group size, m ¼ n:
We also discuss the limits of group selection and

individual selection when selection works in opposite
directions on different levels. Suppose that A and B

individuals reproduce at rates r and 1 inside each
groups, but all-A groups and all-B groups divide at
relative rates R and 1, respectively. Group division is
much slower than individual reproduction. Hence,
groups become fixed for one or the other type before
they divide. In this framework, we have calculated the
fixation probability of a single A mutant in a population
of B. We find, for a given m and n, there exists a critical
value rc: If rorc then no value R can make A an
advantageous mutant over all. This is the limit of group
selection. Likewise, there exists a critical value Rc: If
RoRc there is no value r that can make A an
advantageous mutant over all. This is the limit of
individual selection. These results can be extended to
selection on more than two levels.
Another very intuitive observation is the following.
Consider multiple levels of selection. If A is advanta-
geous on at least one level then there exists a population
structure which can make A advantageous over all.
A lot of previous models for multilevel selection

describe systems in which groups are formed from a
global pool of individuals, as the haystack model of
Maynard Smith (1964) or the famous trait group model
of Wilson (1975). While these works concentrate on the
evolution of altruistic traits, we consider constant fitness
here. Wilson (1975) addresses the question when an
altruistic trait is advantageous in a population struc-
tured by groups. It is tacitly assumed that only
advantageous traits will survive. However, in a finite
population it is possible that disadvantageous traits
fixate due to random drift. Our approach based on the
Moran process allows to analyse this effect in popula-
tion structured by groups. We find that the population
structure itself shows interesting phenomena: It acts as a
suppressor of selection, reducing the probability that
advantageous mutants fixate in the population.
Slatkin and Wade (1978) also considered a model with

constant fitness. They analysed group formation from a
global pool of individuals as well as group formation
from a single group. In contrast to our model with two
types, they worked on a quantitative trait. They
computed the expected change of these traits and the
expected change of the variance for different group
formation scenarios. However, an advantageous mu-
tants entering a population with lower fitness will always
take over the population in this model. In contrast to
our model where one type is ultimatively eliminated, a
finite variance from genetic drift will always be present.
However, a direct comparison of both models is
intricated, as our approach based on Markov processes
cannot easily be transferred to more types.
In this paper, we have calculated the effect of multi-

level selection in a system where the offspring of
individuals are added to the same group. Once the
group reaches a certain size it can divide into two
groups. This population structure describes, for exam-
ple, the evolutionary dynamics of proto-cells (Szathm-
áry, 1986; Szathmáry and Demeter, 1987; Maynard
Smith and Szathmáry, 1995; Grey et al., 1995): genes
replicate within proto-cells. Proto-cells divide if they
reach a certain size. The genes are randomly distributed
over the daughter cells. Another application is groups of
animals or early human ancestors. Offspring are added
to the group. Larger groups have a higher probability of
splitting into two groups. In both cases, selection on
different levels can oppose each other. For example, a
trait may be beneficial for the competition of individuals
within a group but disadvantageous to the group. Here
we have shown how to calculate whether the trait is
advantageous over all. We do not consider migration,
mutation or frequency-dependent selection. All of these
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phenomena are extremely important and have been
analysed by many authors in the context of group
selection (Wilson, 1975; Slatkin and Wade, 1978;
Slatkin, 1981; Leigh, 1983). We wish to study these
phenomena in the framework of our model in forth-
coming papers.
In conclusion, our work provides a simple analytical

approach to stochastic multi-level selection that may
serve as a useful basis for further investigations.
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Appendix A. Fixation probability of the basic process

with p ¼ 1

If groups are always split when they reach their
carrying capacity, the fixation probability becomes very
small in contrast to the usual Moran process. To see
that, let us consider the early phase of the dynamics,
once a mutant of type A is introduced in a population of
type B. Since n is large, for a certain time, mutants
would be a small minority in the group and the over all
growth rate of the group would not be seriously affected
by mutants. During this period, a group that is not
eliminated takes a certain time to grow to its carrying
capacity n from n=2; which is the typical group size after
the splitting process. Consider a group with a small
fraction of mutants. As the growth rates of the mutants
is r times higher than the growth rate of the rest, the
mutants will, typically, grow by a factor 2r when the rest
just doubled. We could estimate the number of doubling
cycles k, required for the mutant population size in the
group to be comparable with the number of residents, B.
Assuming that the group has gn residents (where g is
order one), we find for k the equation

2rk 
 2kgn or k 

1

r � 1

ln gnð Þ

ln 2
. (A.1)

If ln nbr � 1; we have kb1: For a numbers of cycles
much less than k one could ask, what is the probability
of extinction of the mutant? For the fixation probability
we have rp1� pextðtÞ; where pextðtÞ is the mutant
extinction probability after t cycles from the introduc-
tion of a single mutant. Thus if we could provide a lower
bound on pextðtÞ; we could bound r:
In the model, the only way to become extinct is, if all

the groups carrying mutants get eliminated. In the
regime of interest, t5k; all one needs to do is to keep
track of which groups do or do not have mutants.
The probability to get a group without any mutants
after the splitting of a group with y mutants is 2�y;
where y is the number of mutants when the carrying
capacity is reached. For the purpose of estimating a
lower bound, we consider a modified process, where
each group containing mutants always generates two
groups containing mutants, upon reaching the max-
imum size n. The original process has a greater
extinction probability than the modified process for
the same time period. The modified process turns out to
be a branching process with constant average number
(Feller, 1968). Every group that reaches size n generates
two offspring groups. Both have a probability 1

2
of

growing to n. The extinction probability of such a
process in t cycles is roughly 1� c=t þ Oð1=t2Þ (in fact,
numerically, one finds c 
 4). After k cycles, a different
dynamics takes over and groups with mutants grow
faster. In this phase, the extinction of the mutants is very
unlikely, if r is sufficiently large. The fixation probability
can be bounded from above by a term scaling as c=k;
which vanishes for large n. The argument given so far
holds for mbkb1: However, if we have kbmb1; most
groups will contain some mutants after some time, but
the mutants do not have a significant influence on the
fitness of their groups, since the mutants are a small
fraction only. Hence, all groups have approximately the
same fitness and the group dynamics looks like the
conventional Moran process with fitness r ¼ 1: Hence,
the fixation probability would be 1=m; which converges
to zero for large m. Figs. 1–4
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