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Chromosomal instability (CIN) is a defining characteristic of most
human cancers. Mutation of CIN genes increases the probability
that whole chromosomes or large fractions of chromosomes are
gained or lost during cell division. The consequence of CIN is an
imbalance in the number of chromosomes per cell (aneuploidy) and
an enhanced rate of loss of heterozygosity. A major question of
cancer genetics is to what extent CIN, or any genetic instability, is
an early event and consequently a driving force for tumor progression. In this article, we develop a mathematical framework for
studying the effect of CIN on the somatic evolution of cancer.
Specifically, we calculate the conditions for CIN to initiate the
process of colorectal tumorigenesis before the inactivation of
tumor suppressor genes.

T

he concept that tumors develop through the accumulation of
genetic alterations of oncogenes and tumor suppressor (TSP)
genes is now widely accepted as a fundamental principle of
cancer biology. One of the strongest initial arguments came from
mathematical modeling of epidemiologic data on retinoblastoma
incidence in children. Quantitative analysis suggested that two
genetic events were rate-limiting for cancer development, a
notion validated by the subsequent identification of germ line
and somatic mutations in the Rb TSP gene (1, 2).
Colorectal cancer is one of the best understood systems for
studying the genetics of cancer progression. The process of
tumorigenesis seems to be initiated by mutations of the APC TSP
gene. Two types of genetic instability have been identified (3, 4).
The predominant form of genetic instability in colorectal cancer
(and most other solid tumors) is chromosomal instability (CIN).
Microsatellite instability (MIN) occurs in 13% of sporadic
colorectal cancers. MIN cancer cells have a 1,000-fold increase
in the point mutation rate. A long-standing debate in cancer
genetics is whether genetic instability is an early or late event in
the process of tumorigenesis (5–11). In this article, we develop
a mathematical model to explore the possibility that colon cancer
is initiated by a CIN mutation.
The molecular basis for CIN is just beginning to be explored
(12). A large number of gene alterations can give rise to CIN in
Saccharomyces cerevisiae (13, 14). The genes include those
involved in chromosome condensation, sister-chromatid cohesion, kinetochore structure and function, and microtubule formation and dynamics as well as checkpoints that monitor the
progress of the cell cycle. To date, the only genes implicated in
aneuploidy in human cancer cells are those of the latter class.
Heterozygous mutations in the mitotic spindle checkpoint gene
hBUB1 were detected in a small fraction of colorectal cancers
with the CIN phenotype (15). These mutations in hBUB1 were
shown to be dominant. Exogenous expression of the mutant gene
conferred an abnormal spindle checkpoint and CIN to chromosomally stable cell lines (16). These results also confirmed
cell-fusion studies that indicate that the CIN phenotype has a
dominant quality and it might only require a single mutational
‘‘hit’’ to engender CIN (17).
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The colon is organized into compartments of cells called
crypts. It is widely believed that adenomas develop from normal
stem cells located at the bases of normal crypts (18). The progeny
of stem cells migrate up the crypt and continue to divide until
they reach its midportion. Subsequently, the migrating epithelial
cells stop dividing and instead differentiate to mature cells.
When the differentiated cells reach the top of the crypt, they
undergo apoptosis and are engulfed by stromal cells or shed into
the lumen. This journey from the base of the crypt to its apex
takes ⬇3–6 days (19, 20). Normally, the birth rate of the colonic
epithelial cells precisely equals the rate of loss from the crypt
apex. If the birth兾loss ratio increases, a neoplasm results.
Colorectal tumors progress through a series of clinical and
histopathologic stages ranging from dysplastic crypts through
small benign tumors to malignant cancers. This progression is the
result of a series of genetic changes that involve activation of
oncogenes and inactivation of TSP genes (21). Mutation of the
APC gene is the earliest event yet identified in sporadic colorectal tumorigenesis, and it is estimated that ⬎85% of colorectal
tumors have somatic mutations of the APC gene (22).
The APC gene encodes a large multidomain protein that has
many different sites for interaction with other proteins. Most
APC mutations that are observed in patients lead to truncation
of the encoded protein, with loss of the carboxyl-terminal
sequences that interact with microtubules (22). Recent experiments in mouse cells bearing similarly mutated APC alleles have
identified some karyotypic abnormalities that have been termed
‘‘CINs’’ (23, 24). Close inspection, however, reveals that the
mutant cells actually tend to undergo polyploidization in wholegenome increments rather than showing elevated losses and
gains of one or a few individual chromosomes (24). Because the
latter pattern corresponds to that seen in CIN cancers, it remains
unclear what the significance of the APC mouse data are in the
context of cancer progression. Furthermore, some well characterized human colon cancer cell lines with APC mutations have
chromosome complements that have remained perfectly stable
and invariant over thousands of cell divisions in vitro (17, 25).
Therefore, it is unlikely that APC inactivation itself triggers CIN
in human colorectal cancer.
It is important to determine whether CIN precedes APC
inactivation. Studies in mice, as well as in humans, have shown
that in many cases, APC inactivation involves mutation of one
allele and loss of the other. Such inactivations could occur in two
ways. A mutation in one APC allele could occur first, followed
by a loss of the second allele, or vice versa. In either case, the
allelic loss event could be precipitated by CIN. Unfortunately,
the precise timing of the emergence of CIN is difficult to
measure as long as the genetic alterations underlying most CIN
cancers have not been identified. We therefore developed a
mathematical framework for studying the dynamics of colorectal
Abbreviations: TSP, tumor suppressor; CIN, chromosomal instability; MIN, microsatellite
instability; LOH, loss of heterozygosity.
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cancer initiation. Following a long-standing tradition of cancer
modeling (26–30), we use a stochastic approach.
A Mathematical Model of Tumor Initiation
A crypt is estimated to contain ⬇1,000–4,000 cells; the whole
colon in adults consists of ⬇107 crypts. At the bottom of each
crypt there are approximately four to six stem cells that replenish
the whole crypt (31). For our model, we assume there are N cells
in a crypt at risk of becoming precancer cells. If only the stem
cells are at risk, then N ⬇ 4–6. More generally, we expect N to
be somewhere between 1 and 1,000.
Consider the evolutionary dynamics of a single crypt with six
different types of cells. Let x0, x1, and x2 denote the abundance
of non-CIN cells with 0, 1, and 2 inactivated copies of APC,
respectively. Let y0, y1, and y2 denote the abundance of corresponding CIN cells. Fig. 1 shows the mutation network. We
assume that non-CIN cells with at least one functional APC gene
have a relative reproductive rate of 1. This quantity defines the
time scale of our analysis. Cells with two inactivated copies of
APC have a reproductive rate of a ⬎ 1, which gives them a
selective advantage and enables them to take over the crypt with
a certain probability.
Denote by u the probability that one copy of APC is inactivated
during cell division. This inactivation can occur as a consequence
of mutational events in the APC gene. We expect u ⬇ 10⫺7 per
cell division. The mutation probability from x0 to x1 is 2u, because
either of the two copies of APC can become inactivated. The
same holds for the mutation probability from y0 to y1.
There are two possibilities to proceed from x1 to x2. The
second copy of APC can be inactivated by (i) another mutational
event occurring with probability u or (ii) a loss of heterozygosity
(LOH) event occurring with probability p0 per cell division.
Hence the resulting mutation rate is u ⫹ p0. Similarly, y1
Nowak et al.

proceeds to y2 with a mutation rate of u ⫹ p, where p is the rate
of LOH in CIN cells.
We assume that the crucial effect of CIN is to increase the rate
of LOH, which implies p ⬎ p0 and p ⬎ u. Intuitively, the
advantage of CIN for the cancer cell is to accelerate the loss of
the second copy of a TSP gene. The cost of CIN is that copies
of other genes are being eliminated, which might lead to
nonviable cells or enhanced rates of apoptosis. There is evidence,
however, that the presence of certain carcinogens confers a
direct selective advantage on CIN cells (16). Furthermore,
omitting certain checkpoints during the cell cycle could increase
the rate of cell division. Hence, the reproductive rate, r, of CIN
cells could be greater or smaller than 1. Table 1 gives a summary
of the parameters of our system and their approximate values.
Whether there is any effective selection for or against CIN
depends on the relative magnitude of the selection coefficient,
r ⫺ 1, compared with the dominant mutational process and
compared with the reciprocal of the population size. If the
effective population size, N, is small, then the evolutionary
dynamics are dominated by random drift. If the rate of LOH in
CIN cells is large, then the effect of selection is outpaced by
LOH. Let us define s0: ⫽ max(1兾N, 公p). CIN is positively
selected if r ⫺ 1 ⬎ s0, and CIN is negatively selected if r ⫺ 1 ⬍
⫺s0. CIN is effectively neutral if s0 ⬎ r ⫺ 1 ⬎ ⫺s0.
In our model, a CIN cell carries a mutation that results in an
increased rate of LOH. A number of mechanisms can lead to
LOH including nondisjunction of chromosomes (with or without
duplication), mitotic recombination, gene conversion, interstitial
deletion, or a double-strand break resulting in the loss of a
chromosome arm. In this article, we include any such mechanism
leading to an increased rate of LOH as CIN. Hence, any
mutation that increases the rate of one of these processes
qualifies as a CIN mutation. Lengauer et al. (17) estimated the
rate of loss of chromosomes in CIN cell lines to be p ⫽ 0.01 per
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Fig. 1. Mutational network of cancer initiation describing inactivation of a TSP gene and activation of CIN. Normal cells, x0, have two functioning copies of
the gene and no CIN. Cells with one inactivated copy, x1, arise from x0 cells at a rate of 2u; each copy can mutate with probability u per cell division. Cells with
two inactivated copies of the TSP gene, x2, arise from x1 cells at a rate of u ⫹ p0. The parameter p0 describes the probability that the second copy of the TSP gene
is lost during a cell division because of LOH. CIN cells, yi, arise from non-CIN cells, xi, at a rate of uc ⫽ 2ncu, where nc denotes the number of genes that cause CIN
if a single copy of them is mutated or inactivated. CIN cells with two functioning copies of the TSP gene, y0, mutate into y1 cells at a rate of 2u. CIN cells of type
y1 mutate to y2 cells at a rate of u ⫹ p, where p is the rate of LOH in CIN cells. We expect p to be much greater than u and p0. For simplicity, we neglect the possibility
that APC might be inactivated by an LOH event followed by a point mutation. If CIN (or LOH in 5q) has a cost, then this pathway will contribute very little;
otherwise it could enhance the relative success of CIN by a factor of ⬇2.

Table 1. Parameters and their estimated order of magnitude
(18, 31–36)
Symbol
u
nc
p0
p
r
a
n

Parameter

Value

Mutation rate per gene
Number of dominant CIN genes
Rate of LOH in normal cells
Rate of LOH in CIN cells
Reproductive rate of CIN cells
Reproductive rate of APC⫺/⫺ cells
Effective population size of crypt

⬇10⫺7
10–100
⬇10⫺7
⬇10⫺2
?
⬎1
1–1,000

For the validity of our analysis only two conditions are important: (i) we
need u ⬍⬍ 1兾N2 (otherwise the stochastic dynamics do not proceed via mostly
homogeneous states), and (ii) we need the selective advantage of APC⫺/⫺ cells,
a, to be sufficiently large such that the probability of fixation of such a cell in
a crypt is close to 1 (otherwise the dynamics of tunneling is very complex). Both
conditions are very plausible. Only for a simple representation of the final
results do we need a separation of time scales of the form ut ⬍⬍ 1, uct ⬍⬍ 1, and
pt ⬎⬎ 1, where t is the time scale of human life in days divided by the time of
cell division of the colon cells that are at risk of becoming cancer cells. The
mutation rates and LOH rates are expressed per gene per cell division. The
relative reproductive rate of CIN cells, r, should be ⬍1 if there is a cost of CIN.
Certain carcinogens, however, can select for CIN, which would imply r ⬎ 1.

cell division. Note, however, that even such a high rate of LOH
does not imply that CIN cells must have LOH in almost all their
loci, because there is conceivably selection against LOH in many
loci.
We assume there are nc genes such that a single mutation in
any one of these genes can cause CIN. Hence the mutation rate
from xi to yi is given by 2ncu.
Let us derive an analytic understanding of the underlying
evolutionary dynamics. The full stochastic process describing the
somatic evolution of a crypt leads to a fairly intractable system
of equations. The trick that allows us to proceed is to realize that,

for relevant parameter values, only a small number of states of
the stochastic process are long-lived. These states correspond to
homogeneous crypts, where all cells are of a particular type. If
u ⬍⬍ 1兾N2, then the system will spend a long time in these
homogeneous states; the probability to find more than one cell
type in a single crypt at a particular time is very small.
Denote by Xi and Yi the homogeneous states that contain only
cells of type xi and yi, respectively. The evolutionary dynamics are
described by a linear Kolmogorov forward equation, which can
be solved analytically. An interesting phenomenon in this system
is ‘‘stochastic tunneling.’’ Consider two consecutive transitions,
say X1 3 Y1 3 Y2. If the rate of mutation from y1 to y2 cells is
much faster than the rate of fixation of y1 cells in a mixed
population containing x1 and y1 cells, and if y2 cells have a clear
selective advantage, then the system might never reach state Y1
but instead ‘‘tunnel’’ from X1 to Y2. As outlined in Fig. 2, there
are three stochastic tunnels in our system, and we can calculate
the parameter conditions for individual tunnels to be open or
closed. It turns out there are eight cases that can be classified into
five reaction networks (Fig. 3). Each reaction network specifies
a linear differential equation, which can be solved analytically.
The crucial question is whether the system reaches X2 before
Y2 or vice versa. In the first case, APC inactivation occurs in a
non-CIN cell. In the second case, APC inactivation occurs in a
CIN cell, and hence CIN causes inactivation of APC (because
p ⬎⬎ u). The answer can be stated in a concise form provided
there is a separation of time scales: for the relevant time scale t
of human life, we have ut ⬍⬍ 1, p0t ⬍⬍ 1, and pt ⬎⬎ 1. The
condition for CIN to cause inactivation of the second APC gene
then can be expressed as the number of CIN genes exceeding a
certain threshold value,

冉

nc ⬎ 1 ⫹

冊

p0
K共N, p, r兲.
u

[1]

Fig. 2. The early steps of colon cancer occur in small crypts that contain a few thousand cells. The whole crypt is replenished from a small number of stem cells.
The effective population size of the crypt, N, with respect to the somatic evolution of cancer might be of the order of 10 cells. As long as N2 ⬍⬍ 1兾u (where u ⬇
10⫺7–10⫺6), then there is a high probability that at any one time crypts contain cells of only one type. Hence, we can investigate a stochastic process describing
transitions among six different states, X0, X1, X2, Y0, Y1, and Y2, referring to homogeneous crypts of cell type x0, x1, x2, y0, y1, and y2, respectively. The transitions
reflect the mutational network of Fig. 1. In addition, there are three stochastic tunnels. For certain parameter values, the system can tunnel from X0 to X2 without
reaching X1. Similarly, there are tunnels from Y0 to Y2 and from X1 to Y2. Tunnels occur if the second step in a consecutive transition is much faster than the first
one and if the final cell has a strong selective advantage.
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Fig. 3. Transition rates and stochastic tunnels of the probabilistic process describing the dynamics of early steps in colon cancer. The states X0, X1, and X2 refer
to homogeneous crypts of non-CIN cells with 0, 1, and 2 inactivated copies of APC, respectively. The states Y0, Y1, and Y2 refer to homogeneous crypts of CIN cells with 0,
1, and 2 inactivated copies of APC, respectively. The probability that a CIN cell with reproductive rate r reaches fixation in a crypt of N cells is given by  ⫽ r N⫺1(1 ⫺ r)兾
(1 ⫺ rN). The mutation rate per gene per cell division is given by u. The mutation rate from non-CIN cells to CIN cells is given by uc ⫽ 2ncu, where nc is the number of
genes that cause CIN if one copy of them is mutated. The rate of LOH in CIN and non-CIN cells is given by p and p0, respectively. Let ␥ ⫽ (1 ⫺ r)2r N⫺2 if r ⬍ 1 and ␥ ⫽
(r ⫺ 1)兾{rN log[N(r ⫺ 1)兾r]} if r ⬎ 1. Network i occurs in two cases: (ia) 公p ⬍⬍ 1兾N and 兩1 ⫺ r兩 ⬍⬍ 1兾N and (ib) 公p ⬍⬍ 1兾N and 兩1 ⫺ r兩 ⬎⬎ 1兾N and p ⬍⬍ ␥. Network ii occurs
in three cases: (iia) if 公p ⬎⬎ 1兾N and 兩1 ⫺ r兩 ⬍⬍ 公p, then R ⫽ Nuc公p, (iib) if r ⬍ 1 and 公p ⬎⬎ 1兾N and 1 ⫺ r ⬎⬎ 公p, then R ⫽ Nuc pr兾(1 ⫺ r), and (iic) if r ⬎ 1 and 公p
⬎⬎ 1兾N and r ⫺ 1 ⬎⬎ 公p and p ⬎⬎ ␥, then R ⫽ N2uc plog[N(r ⫺ 1)兾r]. Network iii occurs if r ⬍ 1, p ⬎⬎ ␥, and 公p ⬍⬍ 1兾N ⬍⬍ 1 ⫺ r; we have R ⫽ Nuc pr兾(1 ⫺ r). Network
iv occurs if r ⬎ 1, p ⬍⬍ ␥, and r ⫺ 1 ⬎⬎ 公p ⬎⬎ 1兾N. In addition, networks i–iv require that 公p0 ⬍⬍ 1兾N. Network v occurs if 公p0 ⬎⬎ 1兾N. This is a complete classification
of all generic cases.

Table 2. The critical number of CIN genes required for CIN
mutations to occur before inactivation of the APC gene and
hence to initiate colon cancer
p0兾u ⫽ 1
N
1
10
100

p0兾u ⫽ 10

r ⫽ 0.8

r ⫽ 1.0

r ⫽ 1.2

r ⫽ 0.8

r ⫽ 1.0

r ⫽ 1.2

1
17
25

1
5
5

1
3
1

3
92
138

3
28
28

3
14
2

If the number of CIN-causing genes, nc, is greater than the critical number
shown, then CIN occurs before inactivation of APC in the majority of colon
cancers. N denotes the effective cell number in a crypt, u is the mutation rate
per gene per cell division, p0 is the rate of LOH in a non-CIN cell per cell division,
and r is the relative reproductive rate of CIN cells. CIN can be effectively
neutral, positively selected, or negatively selected for different choices of
parameters. If 兩1 ⫺ r兩 is less than 1兾N then CIN is effectively neutral. Note that
for a wide range of parameter choices the required number of CIN genes is
small, which makes it likely that CIN initiates colon cancer progression.
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10, we need nc ⬎ 5. In this case, five dominant CIN genes in the
human genome are enough for CIN to cause inactivation of APC
in 50% of dysplastic crypts. For large N and a significant cost of
CIN, we have K ⫽ (1 ⫺ r)兾(2rp). If p0 ⬇ u, r ⫽ 0.8, and p ⫽ 0.01,
we have nc ⬎ 25. Table 2 provides further examples.
We can also consider CIN loci where a single point mutation
or an LOH event triggers CIN. If there are n⬘c such genes, then
the mutation rate from xi to yi is given by 2n⬘c(u ⫹ p 0), and the
threshold of CIN becomes n⬘c ⬎ K(N, p, r). In this case, the
magnitude of p0 is unimportant. Alternatively, we can consider
CIN genes that require inactivation of both alleles. Although the
cell-fusion experiments published thus far suggest that CIN is a
dominant trait (17), it is possible that several CIN genes act in
a recessive manner. Such genes are unlikely candidates for
preceding APC unless they themselves provide a significant
selective advantage.
Discussion
In this article, we have developed a mathematical framework for
the dynamics of cancer initiation. Specifically, we have calculated
conditions for CIN to cause inactivation of the first TSP gene in
colon cancer. If the number of CIN genes in the human genome
exceeds a critical value, then there is a high probability that
inactivation of APC happens after a CIN mutation. For a wide
range of parameter values, the required number of CIN genes is
small (Table 2), which makes it possible that colon cancer is
indeed initiated by CIN mutations.
In this case, the most likely sequence of events is the following:
(i) if there is a significant selective cost of CIN, then the first
event will be a point mutation in APC, followed by a CIN
mutation, followed by LOH in APC; and (ii) if CIN is effectively
neutral (or positively selected), then the first event could be
either the CIN mutation or a point mutation in APC, followed
by LOH in APC. In both cases, the first phenotypic change of the
PNAS 兩 December 10, 2002 兩 vol. 99 兩 no. 25 兩 16229
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Here K(N, p, r) ⫽ (1兾2)min{1兾(2), C}. The probability that a
single CIN cell will reach fixation in a crypt is given by  ⫽
rN⫺1(1 ⫺ r)兾(1 ⫺ rN). There are three possibilities for C. If CIN
is neutral, then C ⫽ 1兾[(N  ⫹ 1) 公p]. If CIN is negatively
selected, then C ⫽ (1 ⫺ r)兾(rp). If CIN is positively selected, then
C ⫽ 1兾{pN log[N(r ⫺ 1)兾r] ⫹ N  公p}.
The ‘‘threshold of CIN’’ (Eq. 1) has to be interpreted as
follows. A necessary condition for CIN to precede APC inactivation is that p0 is not much larger than u. If p0 ⬎⬎ u, then it is
difficult for a CIN gene that requires a point mutation to precede
APC. If instead p0 ⬇ u, then the decisive factor of Eq. 1 is
K(N, p, r).
For small N and r ⬇ 1 (more precisely for 兩1 ⫺ r兩 ⬍⬍ 1兾N), we
have K ⫽ N兾4. Thus nc ⬎ (1 ⫹ p0兾u)(N兾4). If p0 ⬇ u and N ⫽

cell is the CIN mutation. Hence, it is possible that a genetic
instability mutation, not a mutation in a TSP gene, initiates colon
cancer.
How can we test this hypothesis? The optimal way would be
to identify the putative gene(s) conferring CIN and then determine the time during tumorigenesis when these mutations occur.
This will be a challenging and lengthy endeavor. In the interim,
it may be possible to determine whether dysplastic crypts have
a CIN phenotype. Shih et al. (10) found that ⬎90% of early
adenomas (size 1–3 mm) had allelic imbalance: LOH in 1p, 5q,
8p, 15q, and 18q was found in 10, 55, 19, 28, and 28% of cases,
respectively. These numbers are lower bounds because the
experimental techniques for detecting LOH are complicated by
the admixture of nonneoplastic cells within small tumors. It will
be important to attempt to extend these results to dysplastic
crypts. If CIN is frequent in such crypts, then our hypothesis
would be confirmed.
Our model is also relevant to Knudson’s early interpretation
of retinoblastoma data. Let us assume that there was detailed
information on the age incidence of dysplastic crypts (rather
than fully developed colon cancers) and that these data suggested two rate-limiting steps (as per Knudson’s model). The
classical interpretation of such data would be that these two steps
represent the inactivation of the two alleles of APC. Our analysis
shows that the two rate-limiting steps might instead be one APC
mutation and one CIN mutation; the third event, LOH in APC,
would not be rate-limiting in a CIN cell. Hence, a two-hit curve
for the elimination of a TSP gene is compatible with CIN.
The threshold of CIN (Eq. 1) depends among other parameters on the ratio of p0兾u, where p0 is the rate of LOH in a
non-CIN cell and u is the mutation rate. If p0 is much greater
than u, then it is unlikely that CIN occurs before APC inactivation. In this case, however, the rate of LOH in non-CIN cells is
so high that we would have to question the idea that cancers have
CIN because it accelerates LOH events. It will be important to
determine the rate of LOH in normal and CIN cells and compare
both quantities to the mutation rate u. It will also be important
to determine the number of cells in a crypt that can give rise to
cancer. This requires a deeper understanding of colonic epithelial stem cell development and function.
In summary, we have developed a mathematical model to
study the cellular dynamics of cancer initiation. The aim is to
provide a quantitative framework for the ongoing debate
about whether genetic instability mutations are early events in
tumorigenesis. The most radical interpretation of our model is
that for a wide range of realistic parameter values, CIN
mutations seem to initiate colon cancer. Hence, we suggest
that the first event in many sporadic neoplasias is a heritable
alteration that affects genetic instability rather than cellular
growth per se. We hope that this model will lead to a coherent
framework for experimental tests of this essential feature of
neoplasia.
Appendix
Stochastic Tunnels. Here we outline how to calculate transition

rates among homogeneous states and conditions and rates for
tunneling. Suppose there are three types of cells: a, b, and c.
Assume a mutates to b with a rate of u1, whereas b mutates to
c with a rate of u2. The reproductive rates of cells a, b, and c are
1, r, and rc, respectively. There are N cells. A, B, and C refer to
homogeneous states where all N cells are of type a, b, and c,
respectively.
We assume that the mutation rate u1 is so small that if a single
mutant, b, appears it will either become extinct or go to fixation
before a second mutant b arises. This is the case if u1 ⬍⬍ 1兾N2.
Next we assume that mutant c has a strong selective advantage;
if a single cell of type c appears, it will be fixed with very high
probability.
16230 兩 www.pnas.org兾cgi兾doi兾10.1073兾pnas.202617399

Under these assumptions, two scenarios are possible.
(i) No tunneling. A proceeds to B with a rate of Nu1, and B
proceeds to C with a rate of Nu2. Note the Nu1 is the rate at
which b mutants are produced in a population of N cells of
type a. The probability that a single b mutant reaches fixation
is given by  ⫽ r N⫺1(1 ⫺ r)兾(1 ⫺ r N). The Kolmogorov
forward equations are given by Ȧ(t) ⫽ ⫺Nu1 A(t), Ḃ(t) ⫽
Nu1 A(t) ⫺ Nu2B(t), and Ċ(t) ⫽ Nu2B(t). We use the
notation A(t), B(t), and C(t) for the probability that the
system is in state A, B, or C at time t. Obviously A(t) ⫹ B(t)
⫹ C(t) ⫽ 1. The initial condition is A(0) ⫽ 1.
(ii) Tunneling. A proceeds to C at a rate of R without ever
reaching B. The Kolmogorov forward equation is given by
Ȧ(t) ⫽ ⫺RA(t), Ċ(t) ⫽ RA(t).
Tunneling takes place if the mutation rate u2 is large compared
with the rate of fixation of a b mutant in an almost all a
populations. The exact conditions for tunneling are as follows.
Let s ⫽ rb ⫺ 1 and s0 ⫽ max(1兾N,公u2). For s ⬍ 0 and 兩s兩 ⬍⬍ s0,
tunneling occurs if u2 ⬎⬎ (1 ⫺ r)2r N⫺2; the rate is R ⫽
Nu1u2r兾(1 ⫺ r). For s ⬎ 0 and s ⬎⬎ s0, tunneling occurs if u2 ⬎⬎
(r ⫺ 1)兾{rN log[N(r ⫺ 1)兾r]}; the rate is R ⫽ N2u1u2log[N(r ⫺
1)兾r]. For ⫺s0 ⬍ s ⬍ s0, tunneling occurs if u2 ⬎⬎ 1兾N2; the rate
is R ⫽ Nu1公u2. These results can be obtained from a detailed
analysis of the underlying birth–death process.
MIN. The model can also be extended to include MIN. There are
Nm ⫽ 4–6 MIN genes that cause an increased point mutation
rate when both copies are mutated (or silenced by methylation).
In a MIN cell, the APC genes are inactivated at a rate of u⬘ ⫽
10⫺4 per cell division. We can calculate the percentage of
sporadic colorectal cancers that have MIN, CIN, or normal
phenotype by the time of APC (or ␤-catenin) inactivation.
Assuming that both MIN and CIN are roughly neutral, the ratio
of normal兾MIN兾CIN is given by N to Nm to 4nc兾(1 ⫹ p0兾u).
Emergence of CIN in Large Populations of Cells. We can also
calculate the conditions for CIN to arise before inactivation of
a TSP gene in large populations of cells. For large cell numbers,
N, we can use deterministic population dynamics. Denote by x0,
x1, and x2 the abundances of non-CIN cells with 0, 1, and 2
inactivated copies of the TSP gene, respectively. Similarly, y0, y1,
and y2 denote the abundances of CIN cells with 0, 1, and 2
inactivated copies of the TSP gene. We are interested in the
average time until one x2 or one y2 cell arises. Consider the
following system of ordinary differential equations: ẋ0 ⫽ x0(1 ⫺
2u ⫺ uc ⫺ ), ẋ1 ⫽ x1(1 ⫺ uc ⫺ u ⫺ p0 ⫺ ) ⫹ x02u, ẋ2 ⫽ x1(u
⫹ p0), ẏ0 ⫽ y0[r(1 ⫺ 2u) ⫺ ] ⫹ x0uc, and ẏ1 ⫽ y1[r(1 ⫺ p) ⫺ ]
⫹ y0 r2u ⫹ x1uc, ẏ2 ⫽ y1rp. Here  ⫽ x0 ⫹ x1 ⫹ r(y0 ⫹ y1) ensures
constant population size. We do not consider replication of x2 or
y2 cells because we want to calculate the time until a single cell
of either type has been produced. We find that y2(t) will arise
before x2(t) if nc ⬎ N*: ⫽ 1⁄4(1 ⫹ p0兾u) for (1 ⫺ r)t ⬍⬍ 1 [which
implies (1 ⫺ r)t ⬍⬍ p] and nc ⬎ N*: ⫽ (1 ⫹ p0兾u)(1 ⫺ r)兾2rp for
(1 ⫺ r)t ⬎⬎ 1. Remarkably, these conditions are very similar to
those found for the stochastic process describing small population sizes. Therefore, the condition that CIN arises before
inactivation of the first TSP gene is equivalent to the condition
that CIN arises before inactivation of the next TSP gene at any
stage of tumor progression.
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